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Let d be a positive integer greater than two, let F be a field of charac- 
teristic not dividing d, and let f be a diagonal binary form of degree d. 
Denote by C, the Clifford algebra associated tof: In [H, HT, T] a detailed 
study was done of a certain family of homomorphic images of C,. The 
main idea of these papers was to map C, explicitly into a ring of matrices 
over an extension field of F. The results were then obtained by some often 
very lengthy calculations inside this matrix ring. In this note we observe 
that these homomorphic images can be easily and directly seen to be 
crossed-products over the coordinate ring of a degree d plane curve over F 
by a finite cyclic group of order d. Given this concrete realisation for these 
rings, most of the relevant results of [H, HT, T] fall out as easy corollaries. 
Let us first recall the definition of C, for an arbitrary form f of degree d 
in n variables over F. If R = F(x 1, . . . . x.} is the free associative algebra in n 
variables and T is the ideal generated by {(a,~, + ..’ +cz~x”)~- 
.f(a I > ...> a,) 1 a,, . . . . a, E F} then C, is defined to be R/T. It follows from the 
construction that C, satisfies the following universal property: if S is an 
F-algebra containing elements <, , . . . . r, such that (a 1 t; 1 + . . . + a,S,)d = 
.f(a r, . . . . a,) for all a,, . . . . a, E F, then there exists an F-algebra homo- 
morphism from C, to S sending Xi to ri. We shall be interested in the case 
when the form is diagonal and binary; that is, J’( U, V) = aUd + bVd for 
some a and b in F. In [H] Haile showed in the case d= 3 that C, is 
Azumaya with centre the coordinate ring of an explicit elliptic curve. This 
result was then used to prove an analogous statement in the nondiagonal 
case. Earlier results along these lines had been obtained by Heerema [He] 
who gave an explicit description of the Clifford algebra in this case. For the 
case d > 3 no such result can hold since C, contains a free subalgebra [HT, 
Introduction]. However, in [T] Tesser exhibited homomorphic images A, 
of C, having properties very similar to those of C, in the cubic case; they 
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are Azumaya algebras over the coordinate ring of a degree d curve. In 
[HT, Section 23 it was shown that some of these algebras are finitely 
presented and an explicit presentation was given. Generalizing a result of 
Haile in the cubic case, it was shown in [HT, Section 31 that there exists a 
homomorphism from the class group of the centre of A,- 1 to the Brauer 
group of F. All of these results follow easily from the theorem below 
without recourse to the results in [H, HT, T]. 
We would like to thank D. Haile for some useful comments during the 
writing of this article. 
Henceforth we shall assume that Sis the diagonal binary form f( U, V) = 
aUd+ bVd where a and b are nonzero elements of F. In this case the 
corresponding Clifford algebra C, is generated by the images of the 
elements x1 and x2 described above. We shall denote these elements by X 
and Y respectively. We first recall the following easy lemma which is basic 
to all that follows. 
LEMMA. Let o be a primitive dth root of unity. Let S be a ring containing 
co and elements M and /3 such that u/3 = of3a. Then 
(i) (~~+p)~=a~+p~. 
(ii) (a/?)d= (- l)d+’ cLdpd. 
Proof. For part (i) see, for instance, [M, p. 1471. For the second part 
note that (c$)~ = o - *Cd- WMd~d and that &Cd- ‘j/2 = (_ l)d+ 1. 
If R is an F-algebra, G is a group of automorphisms of R, and 7: 
G x G + F* is a factor set, we define the crossed-product of R with respect 
to G and 5 to be the free R-module with basis {u,: gE G} and mul- 
tiplication given by the rules ugr = g(r)u, and uguh = t(g, h)u,,, for all r E R 
and g, h E G. We denote this crossed-product by R #, G. 
THEOREM. Let h be an integer such that 1 <h <d and (h, d) = 1. Let 
R=FIW,Z]/(Wd+(-l)d+laZd-b) and let G,, be the group of 
automorphisms of R generated by the element u sending W to co -I W and Z 
to ophZ. Let z: Gh x G,, + F* be the cocycle given by ~(a’, a’) = 1 for i, j> 0 
and i + j < d, and z(oi, a’) = a for i, j < d and i + j 2 d. Then there exists an 
epimorphism q5h: C,+R #r(Gh)given by4,(X)=u, andb,(Y)= W+u,Z. 
ProoJ Note first that we have the following semicommutativity 
relations: 
wu, = wu, w, zu, = WhU,Z, W(u,Z) = w(u,Z) w. 
Repeated use of the lemma then yields that if U and V are commuting 
indeterminates over R #, (Gh), then 
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~u,u+(w+u,2)v]“=[(?.$U+u,2V)+ WV]d 
= (u,U+ u,23qd+ ( WV)d 
=upd+(U,Z)dVd+(WV)d 
=aud+(Wd+(-l)d+‘uZd)vd 
=aUd+bVd. 
The existence of the homomorphism 4,, is then assured by the universal 
property of the Clifford algebra. It is easily verified that E(, and Wt u,Z 
generate R #, (G,,) as an F-algebra. 
Remark. The crossed product R #r (GI,) may be realised as a crossed 
product in a number of different ways. For instance replacing W by u;‘W 
and 2 by u;‘*Z, it can be seen that R #r (G,,) z I? #, (G,,) where 
fi=FIW,Z]/(a’Wd+(-l)d+‘uih+‘Zd-(-l)’~d+’)b). 
In particular if h - 1 is also relatively prime to d (in which case d must be 
odd) and iz(l -h)-’ (modd) then 
&zF[W,Z]/(Wd+Zd-ba-i). 
We now verify that the representations of C, found here are precisely 
those studied in [T, HT]. 
PROFQSITION. Let $J~: C, -+ Ah be the epimorphisms given in [T]. Then 
there exist isomorphisms n ,,: R #f (Gh) + A,, such that $,, =n,,ij,. 
Proof: We refer the reader to [T] for the definition of A,, and all other 
unexplained terminology. The only different erminology that we will adopt 
is to denote the images of X and Y in A, (called there X and Y) by S? and 
+Y’. Define n,: R #, (Gh)+ A,, by 
Ah{ w = 2rd ’ a(w - a”) n,(Z) = &Oh-CO)’ x,,(f.&) = 9.
In the proof of Lemma 6 of CT] the following equations appear or are 
easily deduced from it: 
&T=aTd, p,X=mh9p, p6=0.1~-~6p, dd+(-l)‘pd= -(coh-co)dab. 
Using these relations, it can be seen that rr,, preserves the following 
relations which define the crossed-product: 
WZ=ZW, WuO=oti,W, Zu,=whu~Z, Wd+(-t)d+‘uZd=h, uf=a. 
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Hence n,, is a well-defined map. A further routine computation shows that 
n,#,+(X)=I(/,,(X) and likewise for Y. Thus nh must be an epimorphism. 
Since both R #r (Gh) and A, are prime Noetherian rings of Krull dimen- 
sion one, it follows that n,, must be an isomorphism. 
We may now proceed to show how many of the results of [T, HT] 
appear as easy corollaries of the main theorem. 
COROLLARY 1 [T, Theorem 8 ]. ?%e centre of A, is the >xed ring RGh. 
In particufar it is a ~edeki~d domain and a finite/y generated F-algebra. 
ProoJ It is easy to see that R is a Dedekind domain. The two claims 
then follow from well-known results about actions of finite groups. 
Explicit generators and relations may now be found for the centre. Since 
we do not need such an explicit description for what follows, we leave it as 
an exercise for the interested reader. It was also shown in CT] that the Ah 
are Azumaya algebras over their centers. A short and much more general 
proof of this fact was given in [ HT, Proposition I.1 ]. We note in passing 
that this fact can also be deduced from the theorem using some well-known 
results about crossed-products. This underlines the usefulness of this 
description of the A,, . 
COROLLARY 2. The ring A,, is an Azumuya algebra over its center. 
Proof: By [OS, Lemma 7.81 it is enough to show that R is a Galois 
extension of RGh. To see this one observes that the orbits of the zeros of the 
polynomial Wd+(-l)d+‘aZd- b in some algebraic closure of F are all of 
cardinality d. 
In the case when h - 1 is also relatively prime to d it was shown in [HT, 
Corollary 2.51 that the algebras A, are finitely presented. In fact they are 
generated by the elements x and v subject to the relations xd=a, 
0 h+‘X2v-fW+Wh)XuX+vX2=0, ~h+‘xv*-(~+~h)uxv+v2x=o~ ud= 
a&b. We now observe that this result holds quite generally though the 
presentations that we obtain are slightly dinerent. 
COROLLARY 3. The algebras A,, are finitely presented. 
Proof: Such a crossed-product is always a finitely presented algebra. In 
this case the algebra is generated by the three elements W, Z and U, subject 
only to the relations: 
WZ=ZW, Wu,=ou,W, Zu,=o~~u,Z, Wd+(-l)d+iaZd=b, uf=a. 
In the case when d= 3 there is only one choice for h (nameIy 2) so we 
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drop the subscripts. It follows by dimension arguments from [H, 
Theorem 1.11 that the map 4 must be an isomorphism. Again we may 
prove this directly without recourse to [HI. However there is still a certain 
amount of computation to be performed. The fact that in this case C, is in 
fact a crossed-product seems to be an interesting postscript to Haile’s 
result. 
COROLLARY 4. When d = 3, the map I# is an isomorphism from C, to 
R #, G. 
Proof We construct an inverse map from R f, G to C,. To do 
this it suffices to find preimages of W, Z and U, in C, satisfying all the 
relations defining the crossed-product. The required elements are 
X2( YX- w’XY)/a(o - 02), X( YX- oXY)/a(o’ - o), and X. The calcu- 
lations are routine uses of the relations between X and Y in C,. 
Finally, we demonstrate the existence of a natural map from the class 
group of the center Z(A,) of A, to the Brauer group Br(F) of F. This result 
was established in [HT, Corollary 3.43 in the case h = d- 1. The use of the 
crossed-product representation of the A,, again gives a simpler and more 
general proof. 
COROLLARY 5. There exists a natural homomorphism 4: Cl(Z( Ah)) + 
Br( F). 
Proof: Let C be the projective closure in P’(F) of the curve associated 
to R; that is, C is given by Wd+ (- l)d+ ’ aZd- hTd. The action of c may 
be extended to C by letting e act trivially on T and in this way Gh becomes 
a subgroup of Aut F C. Let r be the quotient variety C/G,,. (Note that f 
depends on h). Since C is smooth and the order of Gh is invertible in F, f 
must also be smooth. It is easily seen that C is ttale over f. Hence the 
sheaf of crossed-product algebras G, #, (G,) is an element of the Brauer 
group of f. Now by a result of Lichtenbaum [L] and Manin [Ma] there 
is a pairing from Br(f) x Pit(T) to Br( F). Fixing this specific element of 
Br( I’) induces a homomorphism from Pic( r) to Br( F) sending the point p 
on r to the residue algebra F(p). The complement of Spec(Z(A,)) in f is a 
single point, say co. Furthermore the residue algebra at cc is 
FCW/ZII((W/Z)d-(--lda) f, (G,). 
However, since the coefficient ring contains a dth root of a, this crossed- 
product is isomorphic to the crossed-product with trivial cocycle. Thus cc 
maps to zero in Br(F). Hence the homomorphism factors through the map 
from Pit(f) to CL(Z(A,)) yielding the required homomorphism. 
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